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MATHEMATICAL MODEL OF THE MARKET OF ONE PRODUCT
WITH OPTIMAL DELIVERY TO THE MARKET UNDER CONDITIONS OF DELAY

MATEMATUYHA MOAEJIb PUHKY OOHOIO TOBAPY
3 ONTUMAINIbBHUM MNOCTAYAHHAM TOBAPY HA PUHOK
B YMOBAX 3AMNI3BHEHHA

The market of one commodity functioning in discrete time t is considered. It is assumed that
the ordered goods enter the market with a delay of t units of time. In this formulation of the
description of market dynamics, a supply line is not required. The problem of mathematical
description and simulation modeling of the inertial market of one product under optimal
control of the supply of goods to the market under conditions of delayed supplies is considered.
The mathematical description of the market is represented by a restrictive (subject to inequality-
type constraints) dynamic model with retarded control. It is shown that the optimal strategy for
supplying goods to the market in terms of the maximum profit of the seller is determined by the
mathematically formulated strict conditions for the state of the market (commodity shortage,
overstocking of the market, dynamic equilibrium of the market).

Key words: dynamical system, inequality type constraints, delayed control, optimization,
simulation modeling.

Pozenadaemvcs punok 00H020 mosapy, wjo QYHKYionye y ouckpemuomy uaci t. Ilepedbaua-
€MbCA, WO 3aMOGIEHUI MOBAP HAOXOOUMb HA PUHOK i3 3aNI3HEHHAM HA T 0OUHUYb Yacy. Y yitl
NOCMAHOBYI ONUCY OUHAMIKU PUHK)Y He NOMPIOHA AiHis npono3uyii. Lle exice UKOpUCmMos8y8anocs
6 MOOEJIAX PUHKY [3 CYOORMUMATLHUMU CIMPAMe2IIMU NOCMAYaHHs Moeapy Ha puHok. Pozeé'sasa-
HA 3a0a4a MamemamuyHo2o onucy ma iMimayitinozo MoOen0B8AHHs IHEPYILIHO2O PUHKY OOHO-
20 Mmosapy npu ONMUMANLHOMY YNPAGLIHHI NOCMABKOI0 MOBAPY HA PUHOK 30 YMOG 3ANi3HEeHHSs
nocmasox. Mamemamuunuii onuc puHKy € pecmpukxmugHoo (o niOKopaEmvcs 0OMeNCeHHAM
muny Hepienocmeti) OUHAMIYHON MOOELNIO i3 3aNIZHIOI0YUM YNPAGIIHHAM. 3HAUOEHO YMOBHO-
ONMUMATBHY YiHY MO08apy 6 001acmi mogapHo2o oediyumy, 6 001acmi 3amoeaprIoGaAnHsI PUHKY
ma 6 obnacmi banancy nonumy ma npono3uyii (mobmo y cghepi ounamiunoi pisnosaeu). 3naiioe-
HO ONMUMANbLHY YiHy MOo8apy ma ONMuManbHull pieeHb NOCMAagKy mosapy Ha pUHoK, AKi 3abes-
neuyoms MakCUMAIbHUL NPUOYMOK npooasys. BupiuenHs yb0o2o 3a60aHHs NPOBEOEHO NO 30HAX
(no 30mi 1 — 30ui depiyumy mosapy, 30Hi 2 — 30Hi 3aMOBAPIOBAHHS PUHKY, 30HI 3 — 30HI OANAHCY
nonumy ma npono3uyii, moomo OuHAMiuHoi punko6oi pisHosazu). OuesuoHo, 2100aIbHUN MAKCU-
MYM NpUbGYmKy modice 6ymu ompuManuil miioKu 6 momy Unaoxy, AKWO 00cse 3a1UwKy mosapy,
He NPoO0aH020 HA NONEPEOHbLOMY THMEPBAN HACY, He NePesUIyE GeNUNUHY ONMUMATLHO20 00CA2Y
noCmMadanHa mogapy Ha puHok. Inaxuie npudymox npooasys Oyoe MeHuum 3a MaKCUMAIbHO
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moorcnusutl. Tlpuuomy, akuo npu ybomy odcse 3a1uwKie moeapy 3aIuamumemvcs 6 30Hi 3, mo
PUHOK 3aNUUAMUMEMbCSL Y CIAKT OUHAMIYHOT pIgHO8azu (MONUM HA MOBAP 3ANUUATNUMENMbCS
PIBHUM nOnumy, AKUM 6y0e GUCIYNAmu 3aluox mosapy). I minoku Ko nponosuyis moeapy
nepetioe 00 30HU 2, NOYHEMbCA 3AMOBAPEHHS. PUHKY. 3aNpONOHO8AHA PeCMPUKIMUBHA OUHAMIYHA
MamemMamuyHa Mooenb puHKy 00HO20 Moeapy AKICHO NPAGUILHO BUBHAYAE NOBEOIHKY PUHKY 6
YMOBaX 3ani3HeHHs NOCMAYanHs Mo8apy Ha puHoK. OnmumanibHa cmpamezis NOCMAagKu mosapy
sumMazae nepeddauents Yinu moeapy ma Kynieeibno2o nonumy énepeo Ha 4ac 3ani3HeHHs, ujo
Mooice Oymu 3p00ONeHo 3a OONOMO2010 IMIMAYIHO20 MOOETIO8AHHS NOBEOIHKU PUHKY.

Kniouogi cnoea: ounamiuna cucmema, ooMmedcenns muny HepigHocmel, 3ani3HIO8aNbHe
VIPAGIIHHS, ONMUMI3AYIs, IMIMAayitihe MOOeII0O8AHHSL.

Formulation of the problem. In the general case, the market mechanism is influenced
by many factors: the tastes and preferences of consumers, the interests of sellers, competition
between sellers, the level of market monopolization, government legislation, seasonal
changes. Some of them are random. All these factors cannot be taken into account. Consider
the market mechanism from the point of view of a seller selling one product. The seller
decides what price to set, how much product to offer to consumers. As a result, having sold
the goods at a favorable price, he can make a big profit, or vice versa, remain with unsold
goods, incur losses. It is obvious that three cases are possible: a shortage of goods, an excess
of goods, and an equilibrium state. A difficult task arises for the seller: on the one hand,
he must not miss his opportunities to make a profit, on the other hand, he must not waste
resources in vain, not waste the available funds. The study of economic phenomena is an
interesting and difficult task. The peculiarity is that the study of these processes on real
objects can be difficult or even impossible and leads to costs, so you need to look for ways
to avoid these difficulties. One way to solve this problem is to estimate unknown quantities
through simulation.

Analysis of recent research and publications. There are many models for establishing
an equilibrium price in the market for one product. The most famous equilibrium models
are those of L. Walras and A. Marshall, the "spider" model with discrete time and the
Evans model with continuous time [1-2]. The mathematical justification of the Walrasian
hypothesis was substantiated in the works of Arrow-Debré, Mackenzie, Gale, Nikaido.
In the future, work was carried out to improve the models and their generalization. These
studies are considered quite fully in the monographs of Morishima, Nikaido, Lancaster,
and modern authors [3]. Most of these works analyzed the balance of aggregate supply and
demand [4-5]. The market model should reflect not only the balance between supply and
demand, but also the purposefulness of each market participant, taking into account their
overall relationship. Such a mathematical model, which, along with the balance sheet, can
reflect the purposefulness of each market participant, is a vector (multi-criteria) problem
of mathematical programming [6]. To solve this problem, methods for solving a vector
problem based on the normalization of criteria and the principle of a guaranteed result have
been developed [7-9].

Formulation of the goals of the article. Study of the impact on the dynamics of the price
of goods of random fluctuations in demand, the position of the demand line, the purchase
price of goods, the strategy of ordering goods. Statistical evaluation of the seller's profit at
a fixed price of goods and a strategy for ordering goods. Determination of the optimal price
and order strategy, taking into account the delay.

Presenting main material. /. Statement of the problem. Let us consider a market for one
product operating in discrete time t € N = {0,1, 2,...}. Let P(¢) — the price of a commodity
at a point in time t, Q° () — the balance of unsold goods at this point in time, Q” (1—1) -
volume of goods, which is ordered at time (7 — ) for delivery to the market at time t (delivery
strategy). It is assumed that the ordered product enters the market with a delay of 7 units of
time. Demand for a good at a price P(r) will be denoted by Q” (7). Let at the moment ¢ of
discrete time the demand for goods has the form of the simplest linear dependence:
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0 (1)=0, —aP(t), (1)

Where O, >0, a>0, given constants.

Let O(7)be the volume of goods offered for sale at time t. Let us represent Q(7) as
the sum of the balance of goods in volume Q° (t) from sales in the previous discrete time
interval (and entered the market at time t) and goods in volume Q” (#—1t) ordered by the
seller at time (t —1) (taking into account the delivery delay) and put it on the market by
time ©: Q(¢) = Q7 (r)+ 0 (1 —7).

Let us denote the volume of sales on the interval ¢ of discrete time as Q° (Z) .

Obviously,
0’ ()=min(Q" (r).Q° (1)+ Q7 (t-1)). )
Balances of goods satisfy the recurrent relation
0°(t+1)=0°(1)+ 0% (1-1)-0°(¢). 3)

Let J (t) be the seller's profit on the tth interval of discrete time, equal to the difference
between the proceeds from the sale of goods and the cost of its purchase and storage. If P, is

the purchase price of the goods (on the wholesale market or from the manufacturer), P, is
the storage price of a unit of goods not sold in the previous discrete time interval, the seller's

profit at time ¢ will be
J(0)=0° (VP()-0* (1-0)R-0° (VR -2 (P()-P(-1)) . &)

The last term (with a coefficient R > 0) expresses "penalties" for changes in commodity
prices and determines the inertia of the market — for a sharp rise in price may be followed
by legislative sanctions, for a sharp drop in price — "sanctions" of competitors the amount
equivalent to this penalty function.

The question arises, what value will take the price of goods P (t) at time ¢, if in the

previous (¢—1)-th step it was equal to P(¢—1), and what value Q” (r—1) of additional
supply of goods on the market must make the seller so that the profit of the seller at a given
line of demand on the t-th interval of discrete time was the maximum:
J()= sup . %)
P(1).0" (1)
Note that in such a statement to describe the dynamics of the market does not require
knowledge of the supply line (unlike the classical model of Walras — Marshall [1]).
When solving the optimization problem, the values of product price P(t), sales volume
O’ (¢), unsold product balances Q” (), and seller's profit J(¢) are automatically obtained
for each current moment of discrete time ¢. At the same time, of course, restrictions on the
value of the possible price of goods P(t) must be met:

B <P, <P(t)<P,=0,/a (6)
and the number of additional orders for good Q7 (r—1)>0.
2. Conditionally optimal price of goods
Let the volume of supply of goods on the market at time t be Q(t). Find the optimal
(which provides the maximum profit of the seller (4)) price P(t) of the product at a fixed

value of Q(t): J(t):> max

P(1)/O(t
In solving this problen(n), giz/en its restrictive nature due to the relationship (2), obviously,
it is necessary to identify areas corresponding to the shortage of goods on the market (area 1,
in which Q(7) < Q" (1)), market overstocking (area 2, in which Q(#)> Q" (¢)) and supply
and demand balance (area 3, dynamic equilibrium area, in which Q(t) =0" (t ).
1) In the area of trade deficit Q(t) <Q” (t) and according to relation (2) we have

0° (1)=0(1), so
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J(t)=0(t)P(t)-0(1)~R, +Q0(t)(Pl—Pz)—g(P(t)—P(t—l))z:> sup . (7)

P(0jQ(1)
This is a quadratic function of the variable P(t), convex upwards. Its maximum is
reached at the point

P(t):P(t—l)+%:P(')(t). (8)

As we can see, P (7) increases with increasing O(¢) according to the linear law.
Expression (8) is valid not for any Q(t), but only for Q(t), which satisfies the condition
Q(t) <Q” (t) of belonging to domain 1. This condition, taking into account (1) and (8) has

the form
R(Qm —aP(t —1)) "
= . 9
o) <—= 7 — -2"() ©)
Thus, in the region 1 P(¢) increases linearly with increasing Q(7) from the value
0, +RP(t-1)
P(l)(’)‘g(t):o =P(1-1)  to the value of  P" (t)‘g(,) 0T iR = P (1),

moreover, the condition that Q(t) belongs to domain 1 is expressed by inequality (9).
2) In the field of overstocking of the market Q(7) > Q” (¢) and according to expression
(2) we have Q° (1) = Q" (), so that taking into account (1)

J(t)=(0, —aP(t))P(t)-0(t) B+ 0° (t)(R - B,) Iy )-P(t-1)) = sup .(10)
P(njo(r)
This is a quadratic convex upward function of the variable P( ) . Its maximum is reached
0, +RP(1-1)

at the point
P(t) = =P (7). 11
(t) 2a+R (t) ()

As we can see, P (#) does not depend on Q(r) (remains constant for any Q(r) in this
region). Expression (11) is valid only if O(7)> 0" (1), ie
R(Q,-aP(t-1))+aQ,
o(r)> " =0%(1). (12)

The last inequality determines the condition for Q(t) to belong to domain 2. Moreover,
Q(z) (t) > Q(l) (z) In fact, using expressions (3) and (8), we obtain
Q(z)( ) ) (l) _ (Q +RP([ 1))

(a+R)(2a+R)

3) In the area of supply and demand balance (ie in the area of dynamic market equilibrium)

>0, which had to be proved.

O(t)=0" (1) and according to expression (2) we have, as in area 2, sales equal to demand,
ie 0° (t)=0" (), and profit J () as (10). However, Q(r) =0, —aP(t), whence
p(1)= 2220 _po ), (13)
The boundaries of region 3 by the valué of Q(t) are the points o () and o (7):
0" (1)=0(1) =<0 (1).
As can be seen from (13), in this region P (¢) decreases linearly with increasing O(r)

RP(t-1
from the value P"(r) o000 = Q"’+—](;) =PY (¢) to the value of
- a+
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+RP(t-1
PO ()] gy = o) _ i ),
(=0 2a+R
3. Conditionally maximum profit. Optimal price of goods and maximum profit.
We now find the optimal price of goods and the optimal level of supply of goods to
market, providing maximum profit for the seller, if P(t—l), pY (t) and P? satisfy the

max

constraint (6) on P(¢). We will solve this problem by zones (zone 1 — shortage of goods,
zone 2 — overstocking of the market, zone 3 — the balance of supply and demand, ie dynamic
market equilibrium).

1) In the zone 1: 0<Q(7)< oV (#). After substituting P(r) = pY (#) in expression (7)

for J(l)we have J(t)=%+(P(t—l)—R)Q(t)+QO (f)(Pf _Pz):'](l) (t)

As we can see, JU (t) increases monotonically with increasing Q(z) according to
the linear-quadratic law, reaching the maximum value at the boundary of the region at

0(1)=0" (1): S (1) =" ()] 5, g

If the balance of goods Q° (t) from the sale of the previous discrete time interval does
not exceed the value of Q(l) (t), then the additional order and delivery of goods to market in
the amount of Q7 (1—1)=Q" (¢)-0° (¢) (in particular, 0” (r-1)=0 at Q" (r)=0° (7))

provides the maximum profit. Otherwise, when Q(l) (t) <Q° (z) we should look for solutions
to the problems of profit optimization in areas 2 or 3.

2) In zone 2: Q(t) > Q(Z) (t) After substitution in J (t) for this zone (expression (10))

P(1)= p? (¢), which does not depend on Q(r), we have
R 2
J(1)=(0, —aP® (1)) P (1)-0(1) B+ 0° (1)(R —Pz)—E(P(Z) (1)-P(e=1)) =7 ().
Aswesee, J? (¢) decreases monotonically with increasing Q(t) according to the linear
law, so that it reaches the highest value in this zone at Q(t) = Q(z) (t):

@ (Y= J®
S inax (t) =J (t)‘ 0(1)=0?(1)
If Q¢ (t) < Q(z) (Z) , then the additional order and supply of goods on the market in the
amount of Q7 (r-1)= o (1)—Q° (¢) provides this maximum profit. If Q°(¢)> o? (7),

then Q” (z - 'r) =0, and only the value of profit is achieved J? (t)‘Q(r):Qo(r) < J[(;)X (t)

3) In zone 3: Q" (1)<0(1)< o (¢). After substituting P(7)= pv (¢) in J(r) for this

zone (formula (10)) we have ,
9, -0l R(Q,-0(1
10-000 =2 0()1+0 ()1 -2)-& 22U ()|~ o)

This is a convex upward linear-quadratic function of the variable Q(t). The maximum
JP(¢) on the value of Q(r) is reached at the point
R(Q,-aP(t-1))+a(0Q,-aR)

o(r) 2a+R 07 (1)

It is obvious that Q(') (t) < Q(3) (t) < Q(z) (t) , ie the point Q(3) (t) of the maximum

Jb (t) lies in zone 3. The maximum value of profit in zone 3 (for Q° (t) < Q(3) (t))

IO (1)=J(r)

max

o(r)=0" ()"
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This value is the global maximum, potentially possible for Q° (r) < Q" (¢). If 0" (1)<
0° (1)< o (¢), then the global maximum value of profit can not be achieved, and only
conditionally the maximum value is achieved (with a fixed Q° (t)) within zone 3 lying
between (3) JU) (¢) and J® (7).

Obviously, the global maximum profit can be obtained only if the amount of balance of
goods not sold in the previous time interval does not exceed the value of the optimal volume
of supply of goods to market: O (t) < Q(3) (t) Otherwise, the seller's profit will be less than
the maximum possible. Moreover, if the volume of product balances remains in zone 3, ie
lies in the interval Q% (1)< 0’ (1)< o? (7), the market will remain in a state of dynamic
equilibrium, demand for goods will remain equal to the supply, which will be the balance of
the goods). And only for Q°(r) > o? (7) the supply of goods will move to zone 2, and the

overstocking of the market will begin.

Conclusions. Thus, the proposed restrictive dynamic mathematical model of the market
of one product qualitatively correctly describes the behavior of the market in the conditions
of delayed supply of goods to the market. The optimal strategy for the supply of goods
requires anticipation of the price of goods and consumer demand ahead of time. This can be
done by simulating market behavior.
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