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EXPERT ASSESSMENTS IN DECISION-MAKING PROBLEMS:
THE METHOD OF MULTIPLICATIVE FUNCTIONS

EKCMEPTHI OLIHKWN B 3A0AYAX NPUNHATTA PILLIEHb:
METOA MYNbTUNMNIKATUBHUX ®YHKLUIN

Expert judgments and fuzzy set theory are two different concepts of systems analysis, but
their combination improves the mathematical tool of multi-criteria analysis of decision-making
problems. The method of expert evaluations belongs to the class of partially formalized methods
based on the use of intuition and experience of decision-makers. The multi-criteria nature of
the decision-making problem is manifested in the search for an alternative that simultaneously
satisfies the constraint and optimizes the vector quantity, the elements of which correspond to
the objective functions of the problem. The choice of the optimal alternative, in most cases, is
also ambiguous and is based on subjective, undefined information about the object of decision-
making, or selection criteria that do not have quantitative assessments. In this case, it can be
said that the decision-making process is fuzzy. Multiplicative Function Method is one of the
approaches to modeling fuzzy systems, problems related to fuzzy inference, or fuzzy model
description. The purpose of the work is to study the possibility of combining the theory of fuzzy
sets with a deterministic algorithm for a multi-criteria decision-making problem.

Keywords: algorithm, alternative, priority vector, fuzzy set, membership function,
multiplicative function, synthesis.

Excnepmmui oyinku ma meopisa HeuimKux MHONCUH € 080MA PISHUMU KOHYENYIAMU CUCTeM-
HO20 aHanizy, ane ix NOEOHAHHA YOOCKOHANIOE MAMEMATNUYHUL THCMPYMEenm bacamoxkpumepi-
anbHO20 AHANi3y 3a0ay NPUUHAMMSA Pilents. Y eunaoxy, Konu euoip piuieHHs TPYHMYEMbCs He
Ha 00'€KMUBHUX OYIHKAX, A HA CYOIICEHHAX MEeHeddlcepa YU CROICUBAd, 2080PAMb NPO eKCnepm-
HI Memoou nputiHammsi piuensb. Memoo ekcnepmuux oyiHoOK IOHOCUMbCA 00 KAACY YACMKOBO
Gopmanizoeanux memoois, wo IPYHMYIOMsbCs HA BUKOPUCMAHKI THMYiyil ma 0oceidy ocib, sKi
nputimaroms piwenHs. baeamokpumepianonicme 3a0aui nputiHamms piuleHHs NpoABIsAEMbCs
6 NOWYKY ANbMepHAMUBU, o 0OHOYACHO 3A00BONLHAE OOMENCEHHAM I ONMUMIZYE 6EKMOPHY
8eNUYUHY, eleMeHmU Ko 8i0nogioaroms yinbosum yukyiam sadaui. Li ¢hyuxyii ymeoprooms
MamemMamuyHuil Onuc Kpumepilo axocmi anvmepuamusu. Bubip onmumanvnoi aremepnamugu,
6 OinbUWOCmi BUNAOKIB, MeHC HEOOHO3HAYHUIL | IPYHMYEMbCA HA CVO €EKMUBHIL, He BU3HAYEeHil
iHGhopmayii npo 06’ exm nputinamms piwents, ado Kpumepii ubOpy, o He Mamb KiIbKICHUX
OYIHOK. Y makomy eunaoxy MOdICHa 2060pUmu, wo npoyec nputiHAmms piuents 6iobyeacmo-
¢ 8 HeUImKUX yMogax. Buxopucmanmsa neuimxux oyinox arbmepHamue, OMpUManux Ha OCHOBI
BUCHOBKIG eKCNepmis, € 3ac000M 6PAXYEAHH KONEKMUBHO20 3HAHNA Ma 00CI0y (axieyie 6 ymo-
6aX He CMPYKMYpPOBanol cy6 eKmusHoCi iHhopmayii, HEMONCIUBOCHI 3ACNOCYBAHHS OemepMi-
HOBAHUX aN20pUMMIie 00IpyHmyeanHs piuensb. Memoo mynemuniikamuenux @yuxyi (Multipli-
cative Function Method) € 00HuM i3 nioxo0ie 00 MOOENOBAHHS HEUIMKUX CUCTEM, 30KpeMd, Npu
PilleHHi 3a0a4, wjo noe a3aHi 3 HeUimKuUM 8UCHOBKOM, AO0 HeuimKum onucom mooeni. Lleti memoo
IPYHMYEMbCSL HA ONEPAYLl MHONCEHHSL HeUIMKUX (DYHKYIU — (DYHKYIL HALEHCHOCI Y NPOCMOpI He-
yimkux muodcun. Ilepesacamu memooy MyTemMunIiKaMueHUX QyHKyii € npocmoma oo4ucieHby,
JIHeBICMUYHA IHMepnpemayis, MONCIUBICIb AHATIMUYHO ORUCAMU 83AEMOOII0 MIdIC Kpumepisi-
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MU ma 6a208uUMu KoeQiyieHmamu, GUSHA4eHUMU HA OCHOGI CyOdicenb ekcnepmis. Memoio pobo-
mu € 0ocniodceHHs 0emepmiHO8aH020 ANCOPUMMY OA2AMOKPUMepPIiaibHol 3a0adi NPUHAMMmMsL
PpilleHHs y NOEOHAHHI 3 3ac00aMu Meopii HeUimKUX MHONMCUH.

Knrwowuogi cnoea: ancopumm, anbmepnamuseda, 6eKmop npiopumemis, Heuimka MHONICUHA,
DyHKYIA HaedCHOCME, MYTbMUNIIKAMUHA QYHKYIs, CUHmMe3.

Formulation of the problem. The main problem of modeling decision-making situations
is the specification of uncertain characteristics of the management object and the quantitative
assessment of descriptive criteria for choosing alternatives. The selection criteria, which
comprise a combination of quantitative and qualitative assessments of alternatives within
the task, may inherently describe conflicting interests of different decision-making parties.
The choice of method for constructing and analyzing models of such problems depends
on the degree of uncertainty in the decision-making problem situation. In the case when
the choice of decision is not based on objective assessments, but on the judgments of the
manager or consumer, we speak of expert decision-making methods. The method of expert
assessments belongs to the class of partially informalized methods based on the use of
intuition and experience of decision-makers. The legality of using expert assessments is based
on assumptions: the undefined characteristic of the investigated phenomenon is a random
variable, and the individual assessment of an expert specialist is interpreted as a separate
implementation of this random variable. Accordingly, the mathematical expectation of the
studied characteristic is within the range of group estimates of experts, that is the generalized
collective judgment can be considered reliable. But, for a certain class of decision-making
problems, this assumption is not true. Sometimes the opinion of an individual expert,
regarding a little-researched problem, deserves more attention and may turn out to be more
significant, and it will be lost during the formal processing of expert data. Therefore, most
scientific developments of decision-making methods should activate the use of intuition and
personal experience of experts.

The multi-criteria nature of the decision-making problem is manifested in the search
for an alternative that simultaneously satisfies the constraint and optimizes the vector
quantity, the elements of which correspond to the objective functions of the problem. These
functions form a mathematical description of the alternative quality criterion. The choice
of the optimal alternative, in most cases, is also ambiguous and is based on subjective,
undefined information about the object of decision-making, or selection criteria that do not
have quantitative assessments. In this case, it can be said that the decision-making process
takes place in unclear conditions.

Expert judgments and fuzzy set theory are two different concepts of system analysis, but
their combination will improve the mathematical tool of multi-criteria analysis of decision-
making problems.

Analysis of recent research and publications. Decision-making is the process of
choosing between different ways to achieve a goal. In the theory of system analysis, the
key requirement for management models is formulated as follows: an adequate and reliable
solution will be the result of a choice from a set of alternatives [1]. System analysis does
not offer a universal algorithm for forming a set of alternatives and selection criteria.
The system model provides organizations with a general framework and approaches to
effective management of activities, adapting to the specific needs and conditions of each
specific organization [2; 3]. The methodology of system analysis is a combination of
various methods, tools, algorithms and fundamental concepts, united by one goal — building
an adequate management system for the decision-making process. Informal methods of
system analysis, the basis of which is the description of analytical procedures at the level
of logic, subjective judgments of the decision-maker, are usually not associated with the
use of mathematical apparatus. However, system analysis uses the mathematical apparatus
not as a tool, but as an auxiliary tool of the decision-making process, and this application
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of mathematical algorithms is the most effective for non-typical economic problems [4].
The method of expert evaluations belongs to the class of partially informalized methods.
In multi-criteria decision-making tasks, expert evaluations play a key role in determining
the weighting coefficients of the evaluation criteria of alternatives. Many scientific works
are devoted to the study of the features of the application of expert assessments in decision-
making tasks [5-8]. They consider the forms of expert surveys, approaches to evaluating
expert judgments, methods of processing survey results, requirements for experts and the
formation of expert groups, issues of training experts, assessing their competence, methods
of organizing expert surveys [7; 8]. Fuzzy set theory is a mathematical theory for modeling
fuzzy or implicit concepts that cannot be uniquely defined or described using traditional
logical sets [9; 13; 14]. This theory was first proposed by Lotfi Zadeh in 1965 [10-12].
It allows you to operate with vague variables and provides effective means of formalizing
uncertainty of various nature, including linguistic forms of expert judgment, which more
adequately reflect the qualitative characteristics of the real world [9]. The use of expert
evaluations in combination with the theory of fuzzy sets allows solving complex decision-
making problems in situations of vagueness or insufficient accuracy of input data.
This can be particularly useful in areas where there is vagueness, ambiguity or uncertainty
in determining the decision selection criteria.

Formulation of the purpose of the article. The purpose of the work is to combine
the theory of fuzzy sets with a deterministic algorithm for a multi-criteria decision-making
problem.

Presentation of the main material. The application of elements of the theory of fuzzy
sets in the expert evaluation of alternatives allows to express fuzzy notions of the relation
type, such as "better", "worse", "significantly prevails", "not significantly prevails", etc., with
the help of fuzzy sets and fuzzy rules [14]. This allows to algorithmize models of situations
in which exact numerical values are unavailable or uncertain. The method of multiplicative
functions is one of the approaches to the modeling of fuzzy systems, in particular, when
solving problems related to a fuzzy conclusion or a fuzzy model description. This method is
based on the operation of multiplication of fuzzy functions — membership functions in the
space of fuzzy sets.

In the general case, if we consider two fuzzy sets 4 and B with membership functions
p,(X).py (X) to the universal set X ={x,}, then the method of multiplicative functions
determines the membership function for their product (intersection of fuzzy sets 4 and B at
a point x, ), as the product of their membership functions at a point x, .

Woxp (xi):p'A (xi)X“B (xi)' )

In multicriteria decision-making problems [15], the method of multiplicative functions
can be used to evaluate alternatives. The basic idea is to calculate the product of the scores
of each criterion for each alternative and then compare these products to determine the best
alternative.

Consider a simplified decision-making model defined by a fuzzy set of criteria K
with a membership function p, (147) and a fuzzy set of constraints S with a membership
function pg(4,) to a universal, limited set of alternatives 4 ={A4},(i =1+m). Due to the
commutativity of the multiplication operation (1), the goals and constraints are symmetric
with respect to the solution and there is no difference between them within the universal set
of alternatives. Then, the solution to the problem of choosing an alternative will be a cross-
section p. s (4,) sets of vague goals and limitations

Hixs (Ai):ul( (Ai)xus (Ai)' 2)

The membership function, in the theory of fuzzy sets, usually takes values in the range
[0;1], where 0 is no membership, 1 is full membership. The closer the value of the function
te (4 ) toone, the higher is the assessment of the significance of the alternative 4, according
to the criterion3a kpurepiem K = {K ; } The experts' task will be to organize the elements of
a set of alternatives 4 ={4,,4,,---,4,} by the criteria vector K ={K,K,,--,K,}.
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Let the numerical value p, (Ai) MicTuThesl B Mexkax [0;1] is contained within [0;1]
and determines the level of significance of the alternative 4, according to the criterion K ;-
Then, each criterion K; can be represented as a fuzzy set of ordered pairs of the universal
set of alternatives 4

K, =141 (A,.)};(j:1+n;i=l+m), 3)
where p, (4,) — the membership function of an alternative to a fuzzy set of criteria.

Evaluate the components Ly (Al.) can be based on expert pairwise comparisons on
the Thomas Saati scale [16, 17]. For this, symmetric matrices of pairwise comparisons of
alternatives are constructed A(K j) for each criterion:

Oy o Oy

AK))=(ay)=| ¢+ |, )

(04 [0

ml mm

where o, ;(i =1+m,k =1+m) — numerical priority value 4, over the alternative A,
according to the criterion K.

The total number of pairwise comparison matrices is equal to the number of criteria [18].
If the experts' judgments are consistent, then the matrix of pairwise comparisons is inversely

symmetric (if o, =B, then a, = 1/ ); transitive (a, -a, =a,). The consistency of

the matrix means that the relative weights of the alternatives in the matrix of pairwise
comparisons retain their value, regardless of how the comparison is performed. From a
mathematical point of view, consistency is a linear dependence of the rows of the matrix (4).

Based on the matrix of pairwise comparisons, the component membership functions are
calculated p (A,.) — vectors of weighting coefficients of alternatives ¥* according to a
number of criteria

A(K))=0a-V, ®)
where V = (vl’ A ) — the principal eigenvector of the matrix A(K j) ; o —the
maximum eigenvalue of the matrix 4 (K . )

If the main eigenvector of the matrix is normalized, then it can be considered a vector of
local priorities of alternatives within the criterion K.

Vector of criteria priorities ¥ can be determined from similar calculations of the
matrix of pairwise comparisons, or by nonparametric methods, such as the rank correlation
method, or as a vector of initial conditions that reflects the hierarchical construction of the
solution.

After obtaining the priority vectors of the alternatives, fuzzy decision synthesis methods
such as weighted sum or multiplicative function methods (2) can be applied to calculate
the significance score of each alternative and select the optimal solution. There are several
ways to construct multiplicative functions (multiplicative evaluation, integral index method,
geometric mean method).

The algorithm of the multiplicative function synthesis method consists of the following
steps.

Evaluate alternatives according to each criterion separately.

The main eigenvector of the criteria is calculated ¥* and principal eigenvectors of the
matrices of pairwise comparisons of alternatives V*; B

Vector normalization is carried out by the geometric mean according to the criteria V*
and 7% . For this, we find the geometric mean value of the elements for each row of the

: o L= L a,
matrix of pairwise comparisons o, and perform rationing v, = /Z:m —.
o,
i=1 !
A matrix of weighting coefficients of alternatives is formed (AK ):

(A =4 T ),
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The elements of the membership function of a fuzzy set of decisions are calculated as the

product of the priority matrix of alternatives by the vector of criteria
M, (4)=7"*(4). ®)

The highest numerical value of the function p, (4,) indicates the best alternative.

Conclusions. The use of information received from experts in the development of
a decision is closely related to the form of its presentation and processing methods.
The entire set of data received from experts is a comparison of situations, objects, alternatives
according to selected indicators, variables and parameters. At the same time, the comparison
procedure is based on the existence of a principled possibility of establishing certain relations
of order between the characteristics of decision-making processes and linguistic variables or
elements of fuzzy sets used to represent qualitative evaluations of criteria and alternatives.

The advantages of the method of multiplicative functions are simplicity of calculations
and linguistic interpretation. These methods of multiplicative functions allow to take into
account the interaction between the criteria and weighting factors, which are established
on the basis of expert judgments. However, they may require a large number of expert
judgments, and their accuracy may depend on the correct definition of weighting factors.
The problem is also the evaluation of the elements of fuzzy sets with a zero value of the
membership function.
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